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There exists in nature many examples of systems presenting self-limiting behaviour: population
dynamis, struture engineering, Townsend's eletron breakdown, nulear deay in radioative equi-
librium, histeresis proess, meteorologial models, etetera. In this work we all attention to the
advantages the use of a variational formulation should provide to the study of self-regulated sys-
tems, suh as a unied desription of the related phenomena, further omprehension of the internal
struture and symmetries of the related equations, and the determination of the equilibria points via
the energy funtion. We study the ase of logisti systems, obtaining expliitly several s-equivalent
Lagrangeans orresponding to the Verhulst's equation. Some dynamial properties are disussed in
the light of this approah. Expressions for the mean energy funtion are also obtained.
Keywords: logisti equation, Verhulst's Lagrangean, self-regulated systems.
PACS: 02.30.Zz, 45.20.Jj, 87.23.C
I. INTRODUCTION
The Lagrangean formalism is a very powerful tool in
physis, presenting in a single formula all the dynami-
al information of a system. Nevertheless, it is widely
aepted that a variational priniple annot be on-
struted for an arbitrary dierential equation [1℄: there
exists a strit mathematial theorem that shows its
existene for a given situation, and whose appliation
redues the number of equations in physis that have a
Lagrangean-Hamiltonian formulation [2, 3℄. Due to its
importane, eorts have been direted to make several
methods to irumvent this ondition and to onstrut
modied variational priniples [1, 4, 5, 6℄.
However, there is an interesting dierent approah,
known as the inverse problem of the variational al-
ulus, or IPVC (see, for example, [7, 8℄), that has
its historial origin in the times of Helmholtz [9℄. It
onsists in studying the existene and uniqueness (or
multipliity) of Lagrangeans for systems of dierential
equations, meaning nding the Lagrangean, if it exists,
from the equations of motion, instead of the traditional
approah. This proeedure has beome quite useful
and one important result is that of Hojman et al. [10℄,
who have proved that it is possible to onstrut the La-
grangean for any regular mehanial system as linear
ombination of their own equations of motion. This
partiular onstrution, for example, is muh wider
∗
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than the traditional denition L = T − V , whih
is only true when the fores involved are derivable
from position-dependent potentials (or very few ases
of veloity-dependent potentials), therefore it may be
used for general non-onservative systems.
Whereas the equations of the models employed to
desribe auto-regulated phenomena an be understood
as equations of motion in the variational sense, the
latter approah shows itself to be one of the most ad-
equate to obtain the Lagrangean formulation of the
problem. Its appliation to the study of self-limiting
proesses may provide additional understanding into
the internal struture of these phenomena, also en-
ables the use of a well known mathematial mahinery
to nd onserved quantities, equilibria and stability
ases, and other dynamial properties.
In partiular, the method proposed by Hojman et
al. provides the desired Lagrangean both elegantly
and without many ompliations, relating diretly the
onstants of motion with the problem. Bearing this in
mind, in the following pages we treat the problem of
self-regulated systems desribed by the Verhulst's Lo-
gisti Equation (VLE, from now on) [11, 12℄ by means
of the Hojman proeedure, showing how a variational
formulation an be easily obtained one we know the
equation of motion and some additional information
about the system. We have hosen the VLE beause
it had been well studied, thus we an easily ompare
the results here obtained to evaluate the approah, and
also beasuse the model is simple enough as to give an
idea, without involving too muh time, of the way a
self-regulatory system works.
Historially this equation, rstly proposed by P.F.
2Verhulst [11℄ in 1838 as a ontinuous non-linear pop-
ulation growth model with a self-limiting density de-
pendent mehanism, was suggested as a diret gener-
alization of the Euler and Malthus [13℄ studies about
population dynamis.
If n(t) is the population at a time t, A−1 the rep-
resentative time sale of response of the model to any
hange in the population and B dene the arrying a-
paity of the enviroment (see below), then the logisti
equation an be written as
dn
dt
= An
(
1−
n
B
)
(1)
The solution of equation (1), for n(0) = n0 is:
n(t) =
n0Be
At
B + n0 (eAt − 1)
(2)
and we an inmediatly show that limt→∞ n(t) = B (for
all n0), meaning, of ourse, that the arrying apa-
ity orresponds to the the maximum size of the stable
steady state population. In the Figure 1 the qualita-
tive behavior of (2) is presented. For n0 < B the
prole is the harateristi sigmoid of the model, and
for n0 > B the behavior is similar to an exponentially
deay funtion.
Indeed, Verhulst knew [14℄ that there were biologi-
al obstales in the natural population growth, but to
write a general mathematial expression for them was
hardly possible, beause eah obstale ould aet in a
dierent way the growth itself. Instead, he proposed a
general retardatrie density dependent (∝ n2) fun-
tion, a kind of ompensating eet of overrowding.
However, it is important to remark that, even a very
simple model, it is really useful as it mathes a wide
variety of dierent ontexts, not only in population
dynamis [12℄, but also in biologial growth (see for
example, [14℄), radioative deay series [15℄, and even
in some reation-diusion models [16℄. Eetively, all
these ases (and more) an be adequately desribed by
means of a harateristi saturation urve like (2) and
in these ases an interpretation of the phenomenona
by means of hange in the population of some element
(individuals, ells, isotopes, ...) an be made.
The self-regulated systems, not only those desribed
by the VLE, are present everywhere: ertain aspets
in stability of strutures (rstly pointed out by Eu-
ler [17℄), Townsend eletron breakdown [18℄, histeresis
and magnetization proesses [19℄, the Amdhal law for
salability of omputer programs and a long etetera.
As far as these phenomena are studied sometimes by
quite dierent disiplines of siene, it is interesting to
explore if it is possible to provide a unied desription
for them in terms of families of Lagrangeans (or Hamil-
tonians), that also would help to lassify the systems
by their dynamial properties.
The distribution of this work is the following: Next
setion ontains an abstrat of the Hojman et al.
method, whih we use in Setion 3 to onstrut the
Verhulst's Lagrangian and Hamiltonian. Setion 4 is
devoted to the study of the energies related to the sys-
tem, its equilibrium points and its onstant of motion.
Finally the onluding remarks are presented in Se-
tion 5.
II. THE HOJMAN ET AL. METHOD
For the purposes of this paper it is useful to work
with the usually denominated seond order approah
[10℄. In this ontext, the equation of motion for a
mehanial system arises from a set of m dierential
equations:
Gi ≡
..
q
i
− F i
(
qj ,
.
q
j
, t
)
= 0, i, j = 1, ...,m (3)
where the qi are the generalized oordinates and the
point means total temporal derivative.
In the IPVC the Lagrangean L
(
.
q
j
, qj , t
)
is on-
struted suh that relations (3) an be eetively de-
dued via the Euler-Lagrange equations. The exis-
tene of suh a Lagrangean is studied by means of the
nowdays alled Helmholtz onditions [20℄
∂Gi
∂
..
q
j
=
∂Gj
∂
..
q
i
(4)
∂Gi
∂
.
q
j +
∂Gj
∂
.
q
i =
d
dt
(
∂Gi
∂
..
q
j +
∂Gj
∂
..
q
i
)
(5)
∂Gi
∂qj
−
∂Gj
∂qi
=
1
2
d
dt
(
∂Gi
∂
.
q
j −
∂Gj
∂
.
q
i
)
(6)
Nevertheless, these onditions do not give any war-
ranty about uniqueness. Two Lagrangeans are said to
be solution-equivalents (or s-equivalents) if they just
dier by a global multipliative onstant, η, and a to-
tal time derivative of some gauge Λ
(
.
q
j
, qj , t
)
:
ηL =
∼
L+
dΛ
dt
(7)
3The dierent systems of equations they provide,
however, have exatly the same equations of motion.
We an proeed now to desribe briey the method.
It enables us to write
∼
L as a linear ombination of the
known equations of motion; then for i, j = 1...m (the
degrees of freedom),
∼
L = µi
[
..
q
i
− F i
(
qj ,
.
q
j
, t
)]
(8)
where
µi
(
qj ,
.
q
j
, t
)
≡ D1
∂D2
∂
.
q
i + ...+D2m−1
∂D2m
∂
.
q
i (9)
= −
∂Λ
∂
.
q
i (10)
and the D2m are onstants of motion of the mehanial
system and the D2m−1 are arbitrary funtions whose
arguments are onstants of motion. One possible form
for the D2m−1 funtions, given the D2m onserved
quantities, is presented in referene [7℄.
When the onserved quantities are unknown then
the problem is redued to nd µi suh that the follow-
ing system is satised:

∂µi
∂
.
q
j =
∂µj
∂
.
q
i
_
d
dt
( _
d
dtµi + µj
∂F j
∂
.
qi
)
− µj
∂F j
∂
.
qi
= 0
(11)
and
det
[
∂
∂
.
q
j
(
_
d
dt
µi + µk
∂F k
∂
.
q
j
)
+
∂µi
∂qj
]
6= 0 (12)
where the on-shell derivative
_
d
dt is dened as
_
d
dt
≡ F i
∂
∂
.
q
i
+
.
q
i ∂
∂qi
+
∂
∂t
(13)
For further details the reader is exhorted to review
[7, 10℄ and the referenes therein. In the following
setion we make use of this proeedure to obtain the
Lagrangean orresponding to the VLE.
III. CONSTRUCTING THE VERHULST'S
LAGRANGEAN
For onveniene, we shall write (1) as 14
.
q ≡
dq
dt
= kq (B − q) (14)
with k ≡ A/B, and we shall onsider the one-
dimensional problem.
In our ase, equation (3) is
..
q − k
.
q(B − 2q) = 0 (15)
where
.
q is given by (14). Expliitly in terms of the
generalized oordinate (on shell), we have
..
q − k2q(B − q)(B − 2q) = 0 (16)
together with the initial onditions
.
q(0) = kq0 (B − q0) (17)
q(0) = q0 (18)
Note at this point that, indeed, the Verhulst La-
grangean exist, for equation (16) satises trivially the
Helmoltz onditions.
The seond order Hojman et al. method provides
then
∼
LV = µ
[..
q − k2q(B − q)(B − 2q)
]
(19)
We just need to determine the fator µ, whih in
this ase an be written as
µ = C1
∂C2
∂
.
q
(20)
There are several ways to proeed now. For exam-
ple, observe that from the initial onditions and (16)
we an obtain the only onstant of motion, C2, the
system possesses (of ourse, for m degrees of freedom
there are (2m− 1) funtionally independent onstans
of motion [21℄); the arbitrary funtion C1 has then a
presribed form [7℄, and µ is obtained by means of
(20). Furthermore, it is possible to solve (11) in the
one-dimensional ase for µ, whih yields a general so-
lution in terms of Bessel funtions. Using the initial
onditions of the problem we nd the partiular solu-
tion. It is also possible to introdue the expression for
the Lagrangean in the Euler-Lagrange equation and
ompare with the equation of motion to obtain µ[29℄.
We shall ilustrate here the rst way.
It is not diult to show that
C2 ≡
1
2
.
q
2
−
1
2
k2q2 (B − q)
2
= 0 (21)
and a possible hoie for C1 is (see referene [7℄)
C1 = cC
2
2 (22)
4where c is an arbitrary onstant that multiplies the
equation of motion. The Lagrangean reads then
∼
LV = cC
2
2
.
q
[..
q − k2q(B − q)(B − 2q)
]
(23)
When inserted into the Euler-Lagrange equation,
(23) provides the orresponding equation of motion
(16) plus terms that are zero in virtue of the onstant
of motion. However, it has been shown that for the
one-dimensional problem there exists an innite num-
ber of Lagrangeans [8, 10℄. Thus, we an write a more
simpler s-equivalent one by means of the total time
derivative of a ertain gauge. Given the onstant of
motion, let hoose
dΛ
dt
=
.
q
2
−
(
C1
dC2
dt
+ C2
)
(24)
Without loss of generality we set c = η = 1, and
together with (24), equations (7) and (23) provide
LV =
1
2
.
q
2
+
1
2
k2q2 (B − q)
2
(25)
and the Hamiltonian an be written as
HV =
1
2
P 2 −
1
2
k2q2 (B − q)
2
(26)
where the generalized momentum is
P ≡
∂L
∂
.
q
=
.
q (27)
IV. CONSERVATION, ENERGIES AND
EQUILIBRIUM CONDITIONS
Now we proeed to study some of the appliations
the Lagrangean formalism oers to the Verhulst sys-
tem.
The rst term in (25) and (26) is identied as the
usual traslational kineti energy: quadrati and ho-
mogeneous in the rst temporal derivative of the gen-
eralized oordinate. The seond term on the right side
of equation (26) is expliitily time-independent, mean-
ing that HV oinides with the energy funtion and it
is then possible to write the potential energy of the
system as
V = −
1
2
k2q2 (B − q)
2
(28)
The behavior of this potential is qualitatively pre-
sented in Figure 2 for xed arrying apaity. In
this potential, the smaller the time sale (1/A), the
more losed the urve and the larger the depression.
Likewise, the greater the arrying apaity, B, the
more pronouned the depression and the more open
the urve. Equation (28) an be interpreted as an
impulsor-retardatrie potential, depending only on the
generalized oordinate. In fat, observe that when
q0 ≤ B, for the interval (0, B/2) the aeleration asso-
iated impulses the movement, being onversely for the
interval (B/2, B); the point B/2 orresponds to a lo-
al minimum, where the aeleration instantaneously
annuls itself. On the other hand, when q0 > B, i.e.
the interval (B,∞), the harater of the aeleration
is always impulsive, even being
.
q < 0. All this is on-
sistent with the proles skethed in Figure 1 and with
the standard knowledge about equation (14).
Despite the fat the VLE desribes multiple phe-
nomena whih one should think presents dissipation of
energy (for example as in population dynamis, growth
of living beings or meteorologial models), it is easy to
show that the Verhulst system is onservative (popula-
tion systems with a rst integral has been studied, see
[12℄ and referenes therein); thus, the energy funtion
HV equals the total energy E. Note that in virtue of
(14) equation (26) is identially zero. Taking all these
onsiderations into aount, it is lear in Figure 2 that
the kineti energy tends to annul itself as q approahs
B. As a onsequene, the system takes an innite time
to reah the steady state, and q0 < B implies always
q < B (similarly for q0 > B).
Another interesting issue is that there are not osil-
latory behaviours, despite the similarity with harmoni
or the anharmoni potentials. Observe that as far as
we are just interested in feassible results, we must take
only the positive values of q(t). Thus the harater of
the fore (see equation (16)) is not restorative, but the
ommented before for eah interval.
One important appliation is that of nding the sta-
bility ases. The usual derivative riteria allows us to
nd the equilibrium points, for whih
∂E
∂q
= 0 (29)
The stability is then ruled by the ondition
∂2E
∂q2
> 0 (30)
The equilibrium solutions are qe =
{
0, B
2
, B
}
. The
rst one orresponds to a point of instability, the se-
ond to minimal potential energy and the last one is,
as expeted, the state of stationary equilibrium. As
before, this analysis is in aordane with the known
5behaviour of the VLE (see Figure 1). It is important
to remark here that usually the study of its equilib-
rium points is treated by means of a Taylor expansion
of (14) about q = 0 and q = B (see for example [12℄).
The variational formalism provides thus both a more
elegant and omplete treatment.
On the other hand, as far as the VLE an model
various self-regulated phenomena, it should be useful
for the desription of the related statistial systems to
write the total mean energy. We shall use the virial
theorem for this porpouse. In our ase,
〈T 〉 = −
1
2
〈
∂V
∂q
q
〉
=
1
2
k2
〈
q2 (B − q) (B − 2q)
〉
(31)
Then, the total mean energy is written as
〈E〉 ≡ 〈T + V 〉 = −
1
2
k2
〈
q3(B − q)
〉
= −
k
6
〈
d
dt
(
q3
)〉
(32)
or, expliitily, evaluating the integral between t = 0
and t→∞,
〈E〉
∞
= lim
T→∞
{
−
k
6T
[
q(T )3 − q30
]}
= 0 (33)
Thus the total mean energy of the systems desribed
by VLE is always null. But if as superior temporal
bound we hoose the harateristi time of the system,
then
〈E〉
1/A = −
A2
6B
[
q
(
1
A
)3
− q30
]
(34)
Returning to the general ase, observe that under
ertain irumstanes equation (32) make it possible
to stablish a relationship between the mean-squared
veloity and the mean-linear veloity. Indeed, solving
(14) for q we nd two solutions:
q±(t) =
kB ±
√
B2k2 − 4k
.
q
2k
(35)
Using q+(t), equation (32) an be restated as
〈E〉 =
〈
.
q
2
2
−
B
4
.
q
[
Bk +
√
B2k2 − 4k
.
q
]〉
(36)
Then〈
.
q
2
〉
=
B
2
〈
.
q
[
Bk +
√
B2k2 − 4k
.
q
]〉
+ 2 〈E〉 (37)
Note that if
∣∣∣ 4 .qB2k ∣∣∣ ≪ 1 the latter equation simplies
to 〈
.
q
2
〉
=
AB
2
〈 .
q
〉
+ 2 〈E〉 (38)
The use of the other solution, q−(t), provides
formally
〈E〉 = 0 (39)
and then equation (37) is no longer true.
V. CONCLUDING REMARKS
We suggest in this work the use of the IPVC to ob-
tain a variational formulation for self-limiting systems.
This approah provides at least a Lagrangean, if it ex-
ists, departing from the equation of motion and regard-
less the system being onservative (when the denition
L = T−V holds) or not. There are several advantages,
namely, it is possible
(a) to have in just one relation all the dynamial
information of the system;
(b) to use a well know mathematial mahinery to
obtain from the Lagrangean or Hamiltonian the on-
served quantities (and symmetries), equilibria points
and trajetories, et.;
() to group self-regulated phenomena having the
same variational formulation, even when desribing
quite dierent senarios, lassifying the systems by the
form of the Lagrangean or by its dynamial properties;
(d) to solve, when possible, the equation of mo-
tion. For some systems (as those desribed by Lotka-
Volterra models) the Hamilton-Jaobi formalism, for
example, should be useful to integrate the equation of
motion;
(e) to help to understand how the models are re-
lated. Some models are, indeed, partiular ases of
more general equations;
(f) to test if a ertain model is aeptable in terms
of the Least-Ation Priniple.
On the other hand, making use of the Hojman
et al. method, we have found the Lagrangean (25)
and Hamiltonian (26) orresponding to the (1+1)-
dimensional logisti equation as an example of the
way a variational formalism an be obtained for gen-
eral self-regulated systems. This may be regarded as a
6proof that the VLE orresponds to an extremal traje-
tory, thus it is physially aeptable (it omplies with
the Hamilton's Least-Ation Priniple) despite the fat
Verhulst introdued it heuristially.
The potential energy (28) was briey analized and
the equilibria points and the stable/unstable ases
were obtained by means of the usual derivative riteria,
in aord with the other method (see [12℄). Also, using
the virial theorem it was possible to write an expres-
sion for the total mean energy of the system, equation
(32), and a relation between the mean-squared veloity
and the mean-linear veloity, equation (37).
It is not surprising to note that the Malthusian limit
is trivially obtained for the partiular ase when B
tends to ∞. Thus, the potential energy for this ase
an be written as
VMalthus = −
1
2
A2q2 (40)
We have in this work studied the thus-alled se-
ond order approah. There is, ertainly, a rst order
method of the Hojman et al. proeedure [7, 10℄; we
show briey in the Appendix the way an s-equivalent
Lagrangean for the VLE an be onstruted using this
approah. Even though the Lagrangean reprodues
the logisti equation, as required, the physial inter-
pretation of its terms is not so lear. However, gen-
erally speaking, it is important to bear in mind this
proeedure beause it sometimes provides a variational
formalism of the physial phenomenon while the se-
ond order approah does not [7℄.
Finally, it ould be useful to study in future works
generalized auto-regulated models as for example
those reported in referenes [23, 24, 25, 26, 27℄. It
is also interesting to extend this work to the study of
the quantum systems related with self-regulated phe-
nomena [28℄.
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APPENDIX
In order to obtain an s-equivalent Lagrangean for
the Verhulst's equation using the rst order approah
of the Hojman et al. method we proeed as follows.
First, let write the logisti equation as
.
q = kq (B − q) (41)
where q ≡ q(t) is the generalized oordinate. Then, let
write and hoose a new integral variable Q(t)
Q(t) ≡
∫
q(t)dt (42)
suh that equation (41) transforms in
..
Q(t) = k
.
Q(t)
[
B −
.
Q(t)
]
(43)
This seond order equation an be asted in two rst
order equations
{ .
x1 = x2
.
x2 = kx2(B − x2)
(44)
where x1 ≡ x1(t) and x2 ≡ x2(t). Note that indeed x2
is exatly the generalized oordinate q.
The solution of this system of equations is given by
x1 =
∫
x2dt+ C1 (45)
x2 =
B
1 +BC2e−kBt
(46)
and this funtional form for x2 is just another way to
write the usual form (2). Now, solving (45) and (46)
for C1 and C2 we obtain
C1 = kx1 − kBt− lnB − lnx2 (47)
C2 =
ekBt
x2
(
1−
x2
B
)
(48)
and following Hojman and Urrutia [7℄ the s-equivalent
Lagrangean is nally written as
L = ekBt
[
k
.
x1
x2
−
k
.
x1
B
−
kB
x2
+
.
x2
x22
−
.
x2
Bx2
+
−
kB ln(x2)
x2
+ k2x1 + k lnn(x2) +
k
.
x2x1
x22
+
−
k2Bx1
x2
−
k2B2t
x2
+
kB ln(B)
x2
+
−
kBt
.
x2
x22
−
ln(B)
.
x2
x22
+
ln(x2)
.
x2
x22
]
(49)
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8Figure aptions.
1. The Verhulst logisti equation for xed arrying
apaity (B = 20).
2. The Verhulst potential for dierents k (B = 5).
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